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Some problems and results on the distribution of subgraphs in colour-critical graphs are 
discussed. 

In section 3 arbitrarily large k-critical graphs with n vertices are constructed such that, in 
order to reduce the chromatic number to k -2,  at least c~,n 2 edges must be removed. 

In section 4 it is proved that a 4-critical graph with n vertices contains at most n triangles. 
Further it is proved that a k-critical graph which is not a complete graph contains a ( k -  1)-critical 
graph which is not a complete graph. 

1. Introduction 

Most  of  the concepts  used in this paper  can be found in [7, pp. 528--540]. 
All graphs considered are finite, undirected and have neither loops nor  multiple 
edges. 

A g r a p h  G=(V, E) consists o f  a set V= V(G) of  vertices and a set E=E(G) 
of  edges. The number  of  vertices and the number  o f  edges o f  G are denoted by v(G) 
and e(G), respectively. 

For  any graphs G1 and G., put G1UG2=(V(G~)UV(G2), E(Ga)UE(G~) ) 
and GaNG,.=(V(G1)NV(Gz), E(GOf]E(G2)). If  FC=E(G) then let G - F =  
=(V(G) ,  E(G) -  F). For  an edge e =  {P, Q}EE(G), G/e denotes the ga'aph obtained 
f r o m  G - { e }  by identifying P and Q and replacing multiple edges by single ones. 

K,, and C,, will denote the complete graph (also called complete n-graph) and 
the circuit on n vertices, respectively. The circuit C,, is called odd (even) if n is odd  
(even). Kd(nl, n., . . . . .  rid) (d=>2) denotes the complete d-partite graph  with ha+ . . .  
• .. +ha  vertices part i t ioned into the classes Xa . . . .  , Xe, ]X~I =nl ( i=  1 . . . . .  d), where 
two vertices are adjacent if and only if they belong to different classes. Let T(n, d) = 
=Kd(n l ,  ..., ha) with ni=[(n+i-1)/d] ( i=1 . . . . .  d), where [xl is the largest inte- 
ger not  greater than x. 

AMS subject classification (1980): 05 C15, 05 C 35 
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A k-colouring of G is a mapping c of V(G) into the set of integers {1, 2 . . . . .  k} 
such that c(P)#c(Q) for any two adjacent vertices P, QE V(G). The chromatic 
number z(G) of a non-empty graph G is the smallest integer k for which G admits a 
k-colouring. 

A graph G is called critical if )~(H)<;~(G) for every proper subgraph H of G 
and it is called k-critical (k>=l) if it is critical and k-chromatic (i.e. x(G)=k). 

Obviously, a connected graph G is critical if and only if )~(G-{e})<)~(G) for 
every edge e of G. 

The important notion of critical graphs was introduced by G. A. Dirac [1], 
[2]; for major contributions to the theory of critical graphs see [3], [11]--[16]. 

A K k is an example of a k-critical graph and for k = 1, 2 it is the only one. 
The 3-critical graphs are the odd circuits. Let us mention two constructions of critical 
graphs: 

The Dirac construction. Let G~ and G2 be two disjoint graphs with chromatic num- 
bers k t and k2, respectively. Let G--- G1 v G2 denote the graph obtained from G1 U Gz 
by joining each vertex of G I to each vertex of G2 by an edge. Then z(G)=k~+k2, 
and G is critical if and only if G~ and G2 are critical. This result is due to G. A. Dirac 
(see [31), 

The Haj6s construction. Let G1 and G2 be two k-critical graphs (k>=3) such that the 
intersection graph H=G1AG2 is a complete h-graph with l<-h<=k-2. Further, 
for i=  1, 2, let e~= {P, Q~}~E(G3 where PE V(H), QiC V(G3-  V(H) and in Gi 
the vertex Qi is adjacent to all vertices of H. Put e = {Q1, Q2}. Then the graph G 
with V(G) = V(G1) 0 V(G~) and E(G) =(E(G1) O E(G~,) U {e})- {el, e2} is k-critical. 
This result was proved by G. Hajrs [5] (Ibr h= 1), G. A. Dirac and T. Gallai (see 
[3, Satz (2.I2)]). 

If G 1 and G2 are complete k-graphs (k>=3) and H=GlfqG2"~K 1 then the 
graph obtained by the above Hajrs construction is denoted by L k. Obviously, Lk 
is a k-critical graph with 2 k - 1  vertices (note that L~'~Cs). Figure 1.1 shows 
graph L,. 

Fig. 1.1 

The graph G =  C, v C, (n>=3 an odd integer) is, by the Dirac construction, a 

graph with e(G) >= 4 v(G)Z" 
- i  

6-critical 

In 1970 B. Toft [11] proved that for every k=~4 there are arbitrarily large 
k-critical graphs G with many edges, i.e. with e(G)>=ckv(G) 2 (Ck>0). 
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In section 2 it is proved that among the subgraphs of k-critical graphs (k_->4) 
with n vertices (n large enough) there exists exactly one having the maximum number 
of edges, namely, T(n, k - 2 ) .  

Investigating critical graphs having many edges B. Toft was led to the question 
(see [14]) whether for a given integer k ~ 4  there exist infinitely many k-critical graphs 
G and a positive constant Ck such that in order to reduce the chromatic number of G 
to k - 2  at least CkV(G) z edges must be removed from G. In section 3 we shall give an 
affirmative answer to this question. 

Section 4 deals with critical subgraphs of critical graphs. J. Ne~et~il and V. 
R6dl conjectured (see [14] or [16]) that a large k-critical graph G (k_->4) contains a 
large (k-1)-critical subgraph H (i.e. if v(G) tends to infinitely then v(H) tends to 
infinity). This is true for k = 4  (see [6] and [16]) and unsettled for k~5 .  In section 
4 it is proved that a k-critical graph which is not a Kk contains a (k-- 1)-critical sub- 
graph which is not a Kk_ 1 . Further, we prove that a 4-critical graph with n vertices 
contains at most n triangles. 

2. Forbidden subgraphs 

Let G be a k-critical graph and e =  {P, Q} an arbitrary edge of G. Then, by 
definition, G - {e} is ( k -  1)-colourable. Since G is not (k - 1)-colourable, we conclude 
that c(P)=c(Q) for every (k-l)-colouring c of G-{e},  hence x(G/e)<=k-l. 

Therefore, if H is a subgraph of a k-critical graph then x(H/e)<=k-1 for 
every edge e of H. That the converse of this statement is also true was proved by 
D. Greenwell and L. Lov~sz [4]. 

Let us now construct two families of forbidden subgraphs of critical graphs. 
The graph W(l, d) is defined as W(l, d)=C~wKa (l=>3 and d ~ l )  and it is 

called a d-wheel. A 1-wheel is briefly called a wheel. The d-wheel W(I, d) is called odd 
(even) if I is odd (even). 

By the Dirac construction, an odd d-wheel is a (d+3)-critical graph. An even 
d-wheel W=C2~TKa is (d+2)-chromatic and i re  is an edge of W which belongs to 
the circuit Czl then W/e~ W(21-1, d), i.e. z(W/e)=d+3, hence W is not contained 
in any (d+3)-critical graph. Thus we have obtained 

Lemma 2.1. l f  G is a k-critical graph (k~4)  containhTg W(l, k - 3 )  as a subgraph, 
then G ~ W ( l , k - 3 )  and l is an odd hTteger. | 

The graph T + (n, d) is obtained from T(n, d) (n>d=>2) by putting an addi- 
tional edge into a class of [(n+d-1)/d] vertices of T(n, d). Note that T(n, d) is 
d-chromatic but T + (n, d ) i s  (d+l)-chromatic and contains a Ka+I. 

Let n_~2d+l.  Then it is easy to see that there is an edge e in T + = T  + (n, d) 
such that T+/e contains a Kd+~, hence x(T+/e)>=d+2 (see figure 2.1 showing 
T+ (7, 3)). 

Thus, no subgraph of a (d+2)-critical graph contains T + (n, d) (n-_>2d+l) 
as a subgraph. On the other hand, from the result of Greenwell and Lov~isz mentioned 
above we conclude that T(n, d) can be imbedded into a (d+2)-critical graph. 

In 1968 M. Simonovits [9] proved the following extremal result: 



306 M, STmBrrz 

Fig. 2.1 

Let H be a (k+l)-chromatic  graph (k=>2) and assume that H - { e }  is k- 
colourable for some edge e of  H. Then there is a positive integer no such that for every 
n>=no, among all graphs with n vertices which do not contain H as a subgraph there 
is exactly one having the maximum number of edges, namely, T(n, k). 

As an easy consequence of this result and the above we obtain. 

Theorem 2.2. Let k>-_4 be an integer. Then there exists a pogitive integer n0=n0(k) 
such that the following statements hold. 

(1) I f  H is a subgraph of  a k-critical graph with v(H)=n>=no vertices then 
e(H)<=e(T(n, k - 2 ) ) ,  where equality holds if  and only if H ~  T(n, k - 2 ) .  

(2) I f  G is a k-critical graph with n>=no vertices then e(G)<e(T(n, k - 2 ) ) .  II 

3. A class of critical graphs 

For a graph G and a positive integer k, let mk(G)=min {IFI]F~E(G) and 
7 . (G-F)~k} .  Note that mt(G)=e(G) and m;(G)=0 for I_->z(G). 

If G is k-critical then mk_l(G)= 1 and one can ask how large mk_~(G) can be. 
Most of the known k-critical graphs G are "thin" in the sense that mk_2(G)/v(G ) is 
very small. 

By constructions of T. Gallai (see [8]), Z. Tuza and V. R6dl [15] it is known 

that there exist arbitrarily large k-critical graphs G(k=>4) with m2(G)= (k 22 )  

(and this is best possible). 

In this section we prove 

Theorem 3.1. Let k >-4. Then there exist a positive constant ck and arbitrarily large 
k-critical graphs G such that mk-~(G)>=ckv(G) 2. 

The proof will be given by means of an explicit construction similar to a con- 
struction of B. Toft (see [13]). The following result due to J. B. Kelly and L. M. Kelly 
will be very helpful. 

Lemma 3.2 (J. B. Kelly and L. ~ Kelly ([6.] Let G be an odd circuit (i.e. G is a 
3-critical graph) and let f :  V(G) {l, 2, 3} be a non-constant fimction. Then there 
exists a 3-colouring c of  G such that c ( P ) ¢ f ( P )  for every P~ V(G). I 
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3.1. Construction 

(A) Let k ~ 3  be a given integer. The aim of our construction is a (k+l ) -  
critical graph Gk. We start with the k-critical graph Lk introduced in section 1 (Lk 
is obtained from two complete k-graphs G1, G2 with G I A G ~ K  1 by Haj6s' con- 
struction). The proof of the following simple result is left to the reader. 

Lemma 3.3. (a) In any k-colouring of Lk one of the k colours occurs exactly once and 
all other colours occur exactly twice in Lk. 

(b) Let P and Q be two non-adjacent vertices Of Lk, P#Q. Then there exists a 
k-colouring c of L k such that c-I(1)={P1}, c-1(2)={P, Q}, c-1(3)={P ', Q'}, 
and P~ is not adjacent to P" in Lk. 

(c) For every edge e-= {P, Q} Of Lk there exists a k-colouring c Of Lk satisfying 
c(P)=2, c(Q)=3 and c-l(1)---{Pl} where 1'1 is neither adjacent to P nor to Q 
inLk. | 

(B) For every PE V(Lk) fiX a set X(P) of at least two elements where the 
X(P)'s are pairwise disjoint. Put M =  {X(P)IPE V(Lk)}. Now define the graph 
Hk-=L~(M) as follows: 

v(H ) = u 

E(Hk) = {{a, b}IaEX(P)EM, bEX(Q)EM, and {e, Q}EE(Lk) }. 

Put Fk={X(P)UX(Q)IP, QE V(Lk), P¢Q, {P, Q}~E(Lk)}. Note that the sets of 
Fk are independent sets in H,. 

We say that a k-colouring c of Hk=Lk(M) has the property U3 with respect 
to F'C=Fk if there exists a set YEF" such that c(Y)={a} for some aE{l,2,3}. 

Next we shall prove the following crucial result. 

Lemma 3.4. (1) Every k-colouring of H~ has the property Us with respect to Fk. 
(2) For every YE Fk there is a k-colouring of H, which does not have the prop- 

erty U~ with respect to Fk--{Y}. 
(3) For every edge e of H, there is a k-colouring of Hk -  {e} which does not 

have the property U 3 with respect to Ft. 

Proof. Let c be an arbitrary k-colouring of Hk. It is easy to see that Ic(X)l = 1 for 
all but at most one set XEM. Thus (1) is a simple consequence of Lemma 3.3(a). 

Proof of(2). Let Y=X(P)UX(Q)EF k. Then P and Q are non-adjacent in Lk 
and there is a k-colouring c of Lk satisfying (b) of Lemma 3.3 (we choose the same 
notation). Now colour the vertices of X(P') with 1 and 3 such that both colours 
occur and, for RE V(L,) -- {P'}, assign colour c(R) to all vertices of I (R) .  Obviously, 
the k-colouring of H~ obtained this way does not have the property Us with respect 
to F, -{Y} .  

Proof of(3). Let e={a, b} be an edge of t t  k where aEX(P) and bEX(Q). 
Let c be a k-colouring of L, satisfying (c) of Lemma 3.3 with respect to the edge 
{P, Q} of/_~ (we choose the same notation). Give colour c(R) to all the vertices of 
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X(R), for RE V(Lk), except for the vertices a and b, which are both coloured with 1. 
This proves (3). 1 

(C) For  YE Fk, let Cr denote an odd circuit with at least r Y[ vertices. Further, 
let G" denote a (k-3)-cri t ical  graph (if k = 3  then G" is empty) and let us assume that 
Hk=Lk(M), G" Cy(YEFk) are pairwise disjoint. Put C={Cr]YEFk}. From the 
graphs Lk(M), G', Cy (YE Fk) we obtain a graph Gg=G(Lk(M), C, G') as follows: 
lbr every YE Fk, join each vertex of Y to one or more vertices of  Cr by an edge so 
that each vertex of Cy is joined to precisely one vertex of  Y. 

Then join all vertices of Cy, YEFk, to all vertices of G'. Denote the graph 
obtained this way by G k. 

Lemma 3.5. Gk is (k+l)-critieal. 

Proof. We prove that Gk is not k-colourable, but Gk--{e} is k-colourable for every 
edge e of  Gk. 

Suppose that Gk has a k-colouring, c. Since G' is (k-3)-crit ical,  under c each 
of the odd circuits Cy, YE F~,, has exactly the same three different colours, say 1, 2 
and 3. But this contradicts kemma 3.4 (see (1)). Hence z(Gk)=>k+l. It is easy to 
see that Gk -- {e} has a k-colouring for every e of Gk. Let us consider the most impor- 
tant case, where e is an edge of Hk=Lk(M). By Lemma 3.4 (see (3)), there is a k- 
colouring c of Hk--{e} which does not have the property U3 with respect to Fk. 
Give colour 4, 5 . . . . .  k to the vertices of G'. Then the k-colouring e' of  H ' =  
=(Hk--{e}) UG' obtained can be extended to a k-colouring of Gk--{e}, since every 
vertex of a circuit Cv, YEFk, is adjacent to at most one vertex P of H" with c'(P)E 
E{1, 2, 3} (use Lemma 3.2). II 

We are now ready to prove Theorem 3.1. For  n=>2 let G~ (k~3)  denote the 
graph G(Lk(M),C,G') where [Xl=n for XEM, ]V(Cy)I=2n+I for YEFk 
and G" ~Kk-3. Then G~ is a (k + 1)-critical graph and there is a positive constant ck 
such that v(G'~)<=ckn and mk_l(G~)~n 2. 

3.2. Some remarks 

3.2.1. The fact that L3(M) is a subgraph of some 4-critical graph I learned from V. 
R/Sdl. Using different ideas V. R6dl obtained other examples of 4-critical graphs and 
proved the following stronger result (perconal communication): For every k_->2 
there exist a positive constant c k and infinitely many 4-critical graphs G without odd 
circuits C~ of  length l~_2k-1 such that rn.,(G)~ckv(G) 2. 

3.2.2. B. Tort  drew my attention to the fact that the above examples of 4-critical 
graphs not only solve his problems but also provide a best possible negative answer 
to a question of T. Gallai, who asked (see [11]) whether Lemma 3.2 can be extended to 
4-critical graphs (B. Sorensen and B. Toft  proved that such a result does not hold for 
k-critical graphs with k=>5, see [13]). 

Theorem 3.6. There exists a 4-critical graph G and a non constant function f: V(G) 
~{1, 2, 3} such that for any 4-colouring c of G there is always a vertex P of G with 
c(P) =f (P ) .  
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Proof. Let G = G ] = G ( L 3 ( M  ), C, G') be the 4-critical graph of the above construc- 
tion, where each of the five classes of M consists of precisely three elements. Choose 
f s o  t h a t f t a k e s  all values 1, 2, 3 on each of the five classes of M. Clearly, this proves 
Theorem 3.6 (note that L3~C5). ! 

3.2.3. Let Sk denote the set of all proper subgraphs of k-critical graphs. In connection 
with the above construction the author was led to the following. 

Conjecture 3.7. For every k ~ 4  there exists a positive constant ck such that for every 
H~Sk there is a k-critical graph G with at most ckv(H ) vertices containing H as a 
subgraph. 

Let us mention the following partial results. 

Theorem 3.8. (B. Toft [13]). For every k>=4 there exists a constant Mk such that 
every (k-2)-colourable graph H is contained h2 a k-critical graph G of  at most 
2 v ( H ) + M  k vertices. I 

Theorem 3.9. (H. Sachs and M. Stiebit_z [9]). Let k >-_4 and ~ >= 1. Then there exists 
a constant c=ck, ~ such that any connectedgraph HESk igcontainedas an induced 
subgraph in a k-critical graph G havh~g the followhTg properties. 

(a) In G every vertex of  H hag degree ~ t ,  
(b) every vertex o f  G - H  has degree k - 1 ,  and 
(c) v(G)<=ce(H)<=cv(H) 2. II 

4. Critical subgraphs of critical graphs 

The following two problems are due to T. Gallai (oral conmmnication). 

Problem 4.1. Let G be a k-critical graph (k~4)  on n vertices. 

(4.1.1) Is it true that the number of (k - 1)-critical subgraphs of G is => n? 

(4.1.2) Is it true that the number of complete ( k - 0 - g r a p h s  contained in G is -<n 
with equality if and only if G~Kk? 

In 1974 B. Toft proved. 

Theorem 4.2. (B. Toft [12]). Let G be a k-critical graph (k=>3) and let ex and e 2 be 
any two edges of  G. Then there is a ( k -  1)-critical subgraph o f  G containing e I, but not 
containhTg %. 1 

Let Ha, H~ . . . . .  Ht be all (k-1)-critical subgraphs of a k-critical graph G. 
Further, for an edge e of G, let A(e) denote the set of all those integers i (1 <=i<-l) 
for which e belongs to Hi. Then A (e)_~ {1, 2, ..., l) and, by Theorem 4.2, none of 
these sets contains another one. Therefore, 

and we obtain 

= e  ~ 2  l 
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Theorem 4.3. A k-critical graph (k_->4) on n vertices containes at least log~. n sub- 
graphs which are (k-D-critical. II 

Next we prove 

Theorem 4.4. Let G be a 4-critical graph on n vertices. Then the number of  triangles 
in G is <- n. 

The proof uses linear algebra. Some further notation is needed. 

Let G be a graph and let V(G)= {1'1, Pz . . . . .  Pn}. Further, let Tk(G)= {H[H 
is a subgraph of G and H~-Kk} and define, for every graph HETk(G), a vector 
vn=(vl, ..., v,) T where 

{~ if PiEV(H) 
v~ = otherwise. 

Put tk(G)=lTk(G)]. Instead of Theorem 4.4 we prove the following stronger result. 

Theorem 4.4'. Let G be a 4-critical graph. Then the vectors va(HE T3(G)) are linearly 
independent over GF(2). 

Proof. If G is a/(4, then this is obvious. Therefore, in what follows, let us assume that 
G is not a/(4.  For eEE(G) or PEV(G), let d(e: T') and d(P: T') denote the 
number of all graphs from T" c= T3(G) containing e or P, respectively. Now we prove 
the following two statements from which Theorem 4.4" is an easy consequence. 

Let T'  ~ Ta(G), T'~O. Then 

(A) there is an edge e of G such that d(e: T')=-- 1 (mot  2), and 
(B) there is a vertex P of G such that d(P: T3=--1 (rood2). 

Proof of (A). Assume that d(e: T') is even for every edge e of G. Let P be a vertex 
of G which belongs to some graph of  T', and let Ha, Hz . . . . .  HrE T" be all those 
graphs containing P. Put G'=H~UHzU. . .UH,  and G"=G' - {P} .  From the 
assumption we conclude that all vertices of G" have even degrees in G" and therefore, 
G" contains a circuit. Since P is adjacent to all vertices of G" it follows that G'___ G 
contains a wheel. Then, by Lemma 2.1, G is an odd wheel and, clearly, (A) holds 
(note that G ~/(4). II 

Proof of (B). Because of (A), there is an edge in G, say e =  {P~, P2}, such that 
d(e: T')--- 1 mod 2. Since G is 4-critical, there exists a 3-colouring c of G -  {e} with 
c(PO=c(P~)=l. Let X={PIP~V(G) and c(P)E{2,3}}: then, for HET" 

Therefore, 

1, if eEE(H); 
[V(H) NX[ = 2, otherwise. 

2 d(P: T ' ) =  d(e: T ' )+2(IT ' l -d(e:  T')) 
P £ X  

and, because d(e: T') is odd, there is a vertex PEX for which d(P: T') is 
odd. II 
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Remark 4.5. Let G be a k-critical graph (k=>5). Further, let T'~= Tk-I(G) and sup- 
pose that G is not a Kk. By a similar argument as in the proof of (A), it can be shown 
that there exists a set of k - 3  vertices of G contained in an odd number of graphs 

from T'. Therefore, we obtain tk_l(G)<= --3 where n=v(G). 

On the other hand we can prove 

Theorem 4.6. For every k ~4  there exists a ck>0 such that there are arbitrarily 
large k-critical graphs G with v(G)=n and fi(G)~=ckn I for l=2,  3 . . . . .  k - 2 .  

Proof. Let n=~2 and H,=Kl(n, n . . . . .  n) ( 2 ~ l ~ k - 2 ) .  Then, by Theorem 3.8, 
there is a k-critical graph G containing / / ,  as a subgraph for which v(G)~=c'n. 
Clearly, h(G) ~ n  l. | 

The following result was conjectured by J. Negetfil and B. Toft (oral commu- 
nication). Note that this result would be a simple consequence of an affirmative 
answer to Problems 4.1.1 and 4.1.2. 

Theorem 4.7. I f  G is a k-critical graph (k_->4) all of  whose ( k -  1)-critical subgraphs 
are isomorphic to Kk-1, then G is isomorphic to Kk. 

Proof. Clearly, G contains a (k-1)-critical subgraph and therefore, there is a K3 
in G. Let el, e2 and e3 be three edges of G forming a/£3. From Theorem 4.2 we con- 
clude that G contains two ( k -  1)-critical subgraphs, say/-/1, H~, where Hi contains 
e i but does not contain es ( i=  1, 2). By the assumption, H 1 and H~ are both complete 
(k-1)-graphs,  thus e~.¢E(HO, elCE(H2) and H=H~AHz is a complete graph, 
say, on h vertices where 1 <=h~k-2.  If h = k - 2  then the graph G' obtained from 
//1 t2 Ho by adding the edge e~ is a complete k-graph which is contained in G and 
therefore, G~Kk. If h < k - 2  then, by the Haj6s construction, G'=(V(HOU 
U V(H2), (E(HO UE(H~)U {e3})- {e~, e2}) is a (k-1)-critical subgraph of G which 
is not isomorphic to Kk-~, contradicting the assumption. II 

As a simple consequence, we obtain 

Theorem 4.8. Let G be a k-critical graph (k=>4) which is not a complete k-graph. 
Then, for every h (3 =<h _<-k-1), there exists a h-critical subgraph of G which is not a 
complete h-graph. II 

Investigating critical subgraphs of critical graphs the author was led to the 
following. 

Conjecture 4.9. Let G be a k-critical graph (k_->4) which is not a complete k- 
graph. Then there exists a (k-1)-critical subgraph of G which is not an induced 
subgraph of G. 

4* 
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